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Abstract 

In quantum theory, physical amplitudes are usually presented in the form of 
Feynman perturbation series in powers of coupling constant a . However, it is known 
P\| ' that these amplitudes are not regular functions at a = . 

For QCD, we propose new sets of expansion parameters Wfc(a s ) that reflect 
singularity at a s = and should be used instead of powers a^ . Their explicit form 
is motivated by the so called Analytic Perturbation Theory. These parameters reveal 
saturation in a strong coupling case at the level at (a s 3> 1) = wi(a s 2> 1) ~ 0.5 . 
They can be used for quanitative analysis of divers low-energy amplitudes. 

We argue that this new picture with non-power sets of perturbation expansion 
parameters, as well as the saturation feature, is of a rather general nature. 
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1 Subject and Motivation 



In quantum theory, physical amplitudes are usually presented in the form of perturba- 
tive series in powers of an expansion parameter g related to intensity of interaction, the 
non-linear term in the equation of motion. As it is known from the early 50s [2] , these am- 
plitudes are not regular functions at a = , irrelevant to the existence of UV divergencies 
tj - ■ and renormalization. The most general and transparent argument [3] can be formulated 
via a representation of path integral. 

In QFT, one deals with Feynman perturbation theory (PT) series in powers of a 
numerical parameter a . In particular, in current practice, such a series for a QCD 
observable serves as a launch pad for Renorm-Group (RG) invariant expansion in powers 
of invariant /effective coupling a s (Q 2 ) or a s (s). As a rule, this function a s , being a 
sum of ultraviolet (UV) logs, obeys phantom singularities, like the so called Landau 
pole. In QCD, being located at a scale of a few hundred MeV, they spoil the low-energy 
applications. 

From the mathematical point of view, a possibility of convergent power expansion 
implies that the expanded function f{a) is a regular (analytic) function of its argument 
at small a . Meanwhile, it is known for sure[2] (also Refs.[U E]) that in the complex 
a plane, there is an essential singularity at the origin a = 0. Correspondingly, at a 
small real positive a , the PT series Yl^ c nCt n is divergent with c n ~ n\ at n ^> 1 . 
Nevertheless, under some condition, a finite sum Yl n c nCt n can serve as a means for 
numerical approximation of the expanded function f(a) . 



1 A preliminary version with the main results was published in Ref. [Tj. 



In such a situation, the value n* ~ 1/a is a critical one. Here, PT expansion can 
start to explode. Indeed, in the low-energy QCD, at a s ~ 0.2 — 0.3, n* ~ 3 — 5 and 
thus the value of the 3- and 4-loop calculation is under question. Examples are known 
(see, e.g. Table 2 in refs.[6] and [7]). 

How serious is this menace for practical low-energy pQCD calculation? Is it possible 
to use some other expansion parameter w(a) instead of a or a non-power set {wfc(a)} 
of parameters^ instead of {a k }7 

Below, we try to answer this question by using a combination of rather general argu- 
ments including the principles of causality and renormalizability as well as self-consistency 
condition of theoretical description with respect to conversion from one physical picture 
(representation) to another by a suitable integral transformation. 

During the last decade, on the basis of these principles, a special scheme for ghost-free 
calculations in QCD was proposed [H] and elaborated [10J. It is known now as Analytic 
Perturbation Theory (APT). For fresh reviews, we recommend Refs.[7l [TT] . In what 
follows, we shall use the APT notation and results. Compendium of a few relevant APT 
definitions is presented below in Appendix A. 

Discussing, in Conclusion, the possible meaning of our particular results, we involve 
additional evidence from the soluble QFT models with an infrared fixed point. 

2 Equivalence of Transformations 

Within the Analytic Perturbation Theory, a transition from the common QCD effective 
coupling function a s (L) , L = ln(Q 2 /A 2 ) to the Euclidean a_e(L) or Minkowskian cxm(L) 
one etc. can be treated as a transition to a new expansion parameter. For example, in 
the 1-loop case, at a s , L > the conversion 

M arctan(7r/3 a e ) n 2 (3% 3 
a s -> «m(« s ) = w (a) = a s — a s + . . . 

7TfJ 3 

induces a transition to the new effective coupling 

,., 1 , T . arctan(7r/L) ir 2 (3% r . r ., 3 

««(£) = Try - a M (L) = ^-^- ~ a s (L) - -^ [a s (L)f + ... . 

Generally, all the APT non-power expansion functions, Minkowskian 2l&(s), Euclidean 
•Ak(Q 2 ) or Distance N*;(r~ 2 ) , are mapped via the relation 

J [3(a) (J a s (Jq \po a s J 
L = \n(s/A 2 ) , \n(Q 2 /A 2 ) , ln(l/r 2 A 2 ) , on sets {w^ PT=M ' E ' D (« s )} 

2l fc -♦ wf (a,), A k -> wf (a,), K fc -> wf (a fl ) . 



2 As it was proposed, e.g. , by Caprini and Fischer [8]. 



The functions w^ PT resultant from different sources are related by integral trans- 
formations that stem from ones connecting the "parent" APT expansion functions. For 
example, from Adler and Fourier transformations 

MQ 2 ) = Q 2 [^ f'^n'l > Mr) = r f°° dQ sin(Qr) A k {Q 2 ) 
Jo V s + v ) Jo 

and eq.([T]) there follows a general relation 

POO 

wf (a) = / daK EZ (a,a)w%(a); Z = M,D. (2) 

Jo 

2.1 The one-loop case 

In the one-loop case, consequent elements are connected by simple recurrent relation 

while eq.(T5]) for Z = M takes the form 

E 1 f°° da wf(q) 

Wk {a) "2La 2 l + cosh (l/fta - 1/A, «) ' 

The novel "Minkowskian" and "Euclidean" one-loop expansion functions 

(i)/ s M,(i) arctan(7r/3 a) E m Pq 1 

«V(«)=w 1 lJ = — ; w x K, (<*) = a+ 1 _ eima) ; (5) 

M,(i) « 2 B , (1) 2 ^e 1 /^) 

W2 = TT^|^ ; W2 {a) = a ~ [i - ev<*«)]* ; (6) 



:■! 



Af,(l)/ ^_ " . Af,(l) 



a 4 (3-vr 2 /3 2 a 2 ) 



[1 + {iTf3 a) 2 \ 2 3[1 + (TcfJoa) 2 ] 6 

are mutually connected by relations (jHJ), (jlj). 

All the functions wj^CKg) as a s — > oo have finite limits 



2 /?o 7T J /# 



wf (oo) = a M (oo) = wf (oo) = a E (oo) = — - ~ 0.7; w r w (oo) = -^ ~ 0.20; 



w 2 (°°) = T7M ~0.16; w 3 w (oo) = 0; w 4 '(a) = ———- ~-0.04. 

Here, the limit a s — ► 00, by (1), is adequate to L — > +0. Curious enough, a physical 
region below A (i.e. , L < 0) corresponds to negative a s values. 



2.2 Some properties of functions w^ PT (c\ s ) 

A few general properties of novel expansion functions are of interest 

• Like their APT "parents" 21^, Ak, ^k , functions {w^'(q; s )} in the whole real positive 
domain (—00 < a s < +00) form non-power sets of oscillating functions with k 
zeroes. 

• Natural scales for them are a* M = ^4- ~ 0.5 , a* E = -k- ~ 1.4 . 

• Some of the functions, like wf , obey singularity e 1 /^ 00 ^ . 

• They are not sensitive to "their family origin". In Fig.l, curves wf 2 are close to 
w i 2 ( as compared to the Caprini-Fischer curves w\ 2 obtained [8J by conformal 
transformation of the Borel image). As can be shown, the same is true for wf 2 • 
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Figure 1: Comparison of the first two APT-inspired w t 2 (a s 
functions with the Caprini-Fischer w\ 2 ones. 



Some qualitative properties of w 



APT, 



Ok 



should be mentioned 



1. APT-inspired functions wf 2 (a s ) deviate from powers a S} a s at a s ~ 0.3 — 0.4, 
which corresponds to a few GeV region. 

2. Quick saturation of the first wi(a s ) at 0.4 and second w 2 (o; s ) at ~ 0.15 values. 
Thus, "strong coupling" means a e ff < 0.5 . Physically, due to this, in a few GeV 

region effective QCD coupling should be less than 0.5. 

3. Relative difference between functions "of various origin" is small (less than 10 per 
cent) up to a s ~ 0.8 . Due to this, as a first step, for crude quantitative estimate one 
could use one-loop Minkowskian expressions ([5]), (J6]), (JTj). 



4. Note also that a modification of the PT expansion by new prescription (a s ) k — > Wfc(a s 
for 1-argument observable, like total cross-sections or Adler functions, leads - by use of 
the RG algorithm - to a non-power APT result. 

3 Discussion 

• First, the possible use of novel functions {w£ PT (a s )} in pQCD has to be mentioned. 
In practice, the RG improving of PT results is limited by the "1-argument" objects, 
like total cross-sections and D-functions. For the "2-argument" ones (diffraction 
amplitudes, structure functions), one is forced to use special tricks, e.g. , projection 
on 1-argument moments. 

New RG-inspired expansions over (a s ) k — ► w^ PT (a s ) provide another bypass solu- 
tion to this issue. In other words, we recommend using novel expansion functions 
for theoretical analysis of divers physical amplitudes in the low-energy (low momen- 
tum transfer) regions. For a semi-quantitative quick analysis one could use one-loop 
Minkowskian functions (1A5j) . (1A6[) with effective values [13] of the A parameter. 

• We believe that the observed feature of interaction saturation could have a rather 
general nature. Indeed, the saturation of the interaction intensity or, rather, its self- 
saturation in the "strong coupling limit" could be correlated with analogous features 
of some soluble QFT models, like massless two-dimensional [141, [15] Thirring and sine- 
Gordon modeljin] equivalent to the massive Thirring one [17]. Additional evidence 
can be gathered from models with infrared fixed point, like the Gross- Neveu model 
[T8| IT9] and the 3-dimensional (p 4 model [20J . 

• One of the possible ways of further analysis, to reveal this aspired generality, could 
be connected with RG study of the corresponding non-quantized field models by the 
recently devised [2T| [22]) method of renormgroup symmetries(—KGS) for boundary 
value problems of classical mathematical physics. Here, one has to find appropriate 
RGS invariants and then relate them with a quantized version with the help of the 
functional integral representation and the saddle-point procedure [23] . 
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Appendix A Basic APT formulae 

Within the Analytic Perturbation Theory, the set of common QCD coupling functions and 
its powers is changed for a nonpower set of ghost-free functions connected by recurrent 
relations. For instance, in the one-loop case, instead of the polynomial set 

« = m^WY (af,(W = «■?!/ (a - 1>(g2))3 - (A1) 

one deals with 



(1),„ 2 \ __ a / n 2\ __ 1 A 1 A Q 

« £ wj = ^yj- — + - (A2 _ Q2) ■ a 2 -^j- 2 - / 32 (A 2_g2) 2 ; ^ 

related by the differential relation 



(A2) 



1A (1) (Q 2 )_, ,(1) ,„*. r _, Q 



2 



,,. (/I -^^(^i L = \n^. (A3) 

The functions {Ak(Q 2 )} form a basis for expansion of RG- invariant functions depending 
on one kinematic argument, Q 2 = Q 2 — Qq, the transferred momentum squared. For 
example, the Adler function is presented there in the form of non-polynomial perturbation 
expansion 

^2^ 



D(Q 2 ) = J2dkA k (Q 2 



k 

]k 



These "Euclidean" expansion functions are related to the common [a s ] ones by the 
prescription 

A k (Q 2 ) = f°° -^^ da, Pk (a) = - lm[a s (-a - ie)] k , (A4) 

Jo v + Q k 

that provides correspondence in the weak coupling limit: A k — > ot* as a s — > . 

At the same time, within the APT, one can define ghost-free "Minkowskian" expansion 
functions for RG-invariant observables in another representation, for observable depending 
on s , cm. energy squared, like (relation of) total cross-section(s) 



R(s) = J2 d kM-s); 2t fc (s) = / — p k (a) 

1. J s O 



These Minkowskian functions are connected with the Euclidean ones by integral trans- 
formations 

i f s+t£ dz A , N A , - N - r % k (s)ds 



• rs+te j p 

Ms) = tt -A k (-z); A k (Q 2 ) = Q 2 

2tt J s _ i£ z J 



[s + Q 



2\2 ' 



The first of them, Minkowskian effective coupling, in the one-loop case has a simple 
form 



a M \ s ) = ^i V s ) = — ~ arccos ■ 



7TA) ^L 2 + 7T 2 

Accordingly, 



.1 it s , . . 

arctan — - , L s = In — ^ . (A5) 



7T/? V * A 2 ' 



«?'(•) = ^^' 2t 3 1 'W-^( I ^ ¥ ;.... (A6) 



Quite analogously, one can devise [241 125] analogous expansion functions N& for the "dis- 
tance picture" |f| 



r°° 2 r°° do r c 

N*(£) =r dQ sm{Qr)A k {Q) = - / -^ sin(Qr) / 

Jo n Jo Q Jo 



da p(a) 
cr + Q 



2 ' 



(A7) 



The convenient form of the APT formalism uses a spectral density p(a) taken from 
perturbative input (1A4J) . Then all the involved functions in the mentioned pictures look 
like 



oo 



AW », = LJe&*, f H. ) = LJ±. ^ k, ( ■ ) = / M^ (l _ e -^) . (A8) 

s 

In the 1-loop case 

Pl ~ Jo [LI + vr 2 ] ' ^ oPfc+l(a) -"^L^' ^"^A 2 " 

As it was noted above, these expressions were generalized for the higher-loop case with 
transitions across heavy quark thresholds and successively used (see, e.g., Ref. [6]) for 
fitting of various data. 

References 

[1] D.V. Shirkov, "Novel Sets of Expansion Parameters for Feynman Perturbation Theory", 
in Proc. Crimean Conf. on New Trends in HEP Eds. P.N. Bogolyubov et al., Kiev 2007, pp 
231-237. 

[2] F.J. Dyson, Phys.Rev.85 (1952) 631. 

[3] R.B. Dingle, Asymptotic Expansions Acad. Press, N.Y. 1973. 

[4] D.V. Shirkov, Lett.Math.Phys. 1 (1976) 179; 



3 On the base of 3-dimensional Fourier transformation 

i;(Q) = (2vr)- 2 [ driP( r y Qr . 



[5] D.V. Shirkov, Lett.Nuovo Cim. 18 (1977) 452; G. t'Hooft, in "The Whys of Subnuclear 
Physics", Proc. 15 Erice 1997 School, Ed. A.Zichichi, Plenum Press, N.Y.(1979), p 943. 



[6] 
[7] 
[8] 

[9] 

[io; 
[ii 

[12 
[13 
[14 
[15 
[16 
[17 
[18 
[19 
[20 
[21 

[22; 

[23 
[24 
[25 



D. V. Shirkov, Eur. Phys. J. C 22, 331 (2001); hep-ph/0107282 



D.V.Shirkov and I.L.Solovtsov, TMP 150 132-152 (2007); hep-ph/0611229 



I.Caprini, Jan Fischer, Phys. Rev. D 62 (2000), 054007; Eur. Phys. J. C 24 (2002) 127, 



hep-ph/0110344 



D.V.Shirkov and I.L.Solovtsov, JINR Rapid Comm. No.2[76]-96, 5(1996); [hep^pF/ 9604363 ; 

Phys.Rev.Lett. 79, 1209 (1997) |hep-ph/9704333] 

K.A. Milton and I.L. Solovtsov, Phys. Rev. D 55, 5295-5298 (1997); lhep-ph/9611438 



I.L. Solovtsov and D.V. Shirkov, Phys. Lett. B442 (1998) 344-348, |hep-ph/9711251 ; 
D.V. Shirkov, Lett.Math.Phys.48 (1999) 135-144. 



D.V. Shirkov, AIP Conf.Proc.806 :97-103,2006:hep-ph/0510247 



D. V. Shirkov, Theor. Math. Phys. 127, 409 (2001); hep-ph/0012283 



D.V. Shirkov, A.V. Zayakin, Phys.Atom.Nucl. 70 (2007) 775-783; [hep-ph/05 12325. 

W.E. Thirring, Ann. Phys. 3 (1958) 91. 

M.E.Mayer, D.V. Shirkov, Sov. Phys. Doklady 3 (1958) 931 . 

I.Ya.Aref'eva and V.E.Korepin, Pisma JETF 20 (1974) 680-684. 

S.R. Coleman, Phys.Rev.Dll (1975) 2088; S. Mandelstam, Phys.Rev.Dll (1975)3026. 

D.J. Gross and A. Neveu, Phys.Rev. D 10 (1974) 3235. 

A.A. Osipov, B. Hiller, A. H. Blin, Phys.Lett. B 653 (2007) 346-349; hep-ph/0707.1427. 

A.A. Vladimirov, D.I. Kazakov, and O.V. Tarasov, Sov.Phys.JETP v. 50(3) (1979) 521. 

V.F. Ko valev, V.V. Pustovalov, D.V. Shirkov, J.Math.Phys. 39 (1998) 1170-1188; 
hep-th/9706056 



D.V. Shirkov, V.F. Kovalev, Phys.Rept.352 (2001) 219-249; |hep-th/0001210 
V.F.Kovalev, D.V. Shirkov, J.Phys.A39 :8061-8073,2006. 

D.I.Kazakov and D.V. Shirkov, Fortsch. der Physik 28 (1980) 465-99. 



D.V. Shirkov, TMP 136 (2003) 893-907; |hep-ph/0210Tl3f 



D.V. Shirkov, Nucl.Phys.Proc.Suppl.152 (2006) 51-56; hep-ph/0408272 



